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The case of flow‐rate measurements

Case study
Use of statistics and statistical reasoning 
in diagnostic problem solving

= finding 
the causes 
of problems

4

What’s the problem?

 Water boards (“Waterschappen”) monitor waterways by measuring 
flow rates 𝑄 in 𝑚ଷ/𝑠.

Doppler‐type acoustic flowmeter

Measuring flow rate using a weir
The Buulder Aa

Problem:

 Two measurement methods for flow rate … wildly different results!
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Measuring flow rate 𝑸

 Acoustic flowmeter
 Measures flow velocity 𝑣௔

by means of acoustic signals
 Measures water level 𝑊௔, 

and calculates 𝐴 from there
 𝑄௔ ൌ 𝑣௔  ൈ 𝐴

 Weir
 Computes 𝑄 from height of water 

over weir’s crest

 𝑄௪୰ୟ୵ ൌ 3.00 ൈ 1.86 ൈ 𝑊௨ െ 𝐻௖ ଵ.ହ

 If water behindweir is higher than 
the weir: “drowned”
Corrected flow rate:
𝑄௪ ൌ 𝑄௪୰ୟ୵ ൈ 1 ൅ log 1 െ 𝐷 /2

𝑊௟𝐻௖

𝑊௨

𝑄

Sea level

𝑄

𝑊௔

Sea level

𝑣௔

Surface 𝐴
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Large discrepancies between 𝑸𝒂 and 𝑸𝒘

 Root‐mean square error 𝑅𝑀𝑆𝐸 ൌ ଵ

଼଻଺
∑ 𝑄௪,௧ െ 𝑄௔,௧

ଶ
௧ ൌ 0.404.

 What is the cause of the substantial discrepancies between 𝑄௔ and 𝑄௪?
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What is the cause of the discrepancies?

“Ask the experts!”

 But … hydrologists couldn’t explain the 
discrepancies

 … and literature didn’t give useful clues

“Calibrate both measurement systems!”

 But … impossible to obtain reference values

8

Purpose of this case study

Diagnostic problem solving:

 Finding the causes of a problem by applying smart analytics

 Here: “What is the cause of the discrepancies?”

 Purpose:
 demonstrate the roles that statistical thinking can play in 

diagnostic problem‐solving, and 
 identify reasoning patterns that make the application of statistical 

techniques powerful.

Challenges:

 Domain knowledge insufficient to identify the cause … 
the hydrologists couldn’t explain the discrepancies

 Difficult to collect more data; 
no reference values available, and impossible to do a calibration study

7
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Diagnostic problem solving

 Literature:
 Troubleshooting of devices
 A.I.
 A.I. for medical diagnosis 
 Practitioners (Dorian Shainin)

 Branch‐and‐prune strategy
 Analyze the available data to eliminate as many 

potential causes as possible
 Branch‐and‐prune = hierarchical diagnosis = eliminate & zoom in

10

Measured
water levels
𝑊୳, 𝑊୪, 𝑊ୟ

Computation of
𝑄 from measured 

quantities

Measured 
flow velocity

𝑣௔

Computation 
of 𝑄௪

Computation 
of 𝑄௔

Direct 
measurements

𝐿 𝑏ଵ,𝑏ଶ 𝑏ଷ,𝑏ସ 𝑐଴,𝑐ଵ,𝑐ଶ,𝑐ଷ

Search strategy: “Branch and Prune”

Methods Implementation 
of the methods

Cause of discrepancies
(𝑄௔ െ 𝑄௪)

Systematic 
error

Random error 
(noise)

Diagnostic tree
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Discovering the cause of discrepancies

… application of the branch‐and‐prune strategy

12

Available data

 Data from weir: flow rate 𝑄௪ and water levels 𝑊௨, 𝑊௟
 Data from acoustic flowmeter: flow rate 𝑄௔, water level 𝑊௔, velocity 𝑣௔
 One data point every 1hr, for 876hrs (5 weeks) on a row
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Systematic or random discrepancies?

Methods Implementation 
of the methods

Cause of discrepancies
(𝑄௔ െ 𝑄௪)

Systematic 
error

Random error
(noise)

Water levels 
𝑊୳, 𝑊୪, 𝑊ୟ

Flow velocity
𝑣௔

Computation of 𝑄
from measured 

quantities

Direct 
measurements

Relation between 𝑄௪ and 𝑄௔ has 𝑅ଶ ൌ 98.4%:
 98.4% of discrepancies are systematic.
 Only 1.6% is random noise.

Looking for a cause that correlates 
systematically with flow rate 𝑄.
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Water levels 𝑾𝒂 (acoustic) and 𝑾𝒖 (weir)
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l (

m
)

Water levels
𝑊୳, 𝑊୪, 𝑊ୟ

Flow velocity
𝑣௔

Computation of 𝑄
from measured 

quantities

Direct
measurements

Methods
0.120.100.080.060.040.020.00-0.02

200

150

100

50

0

Wadm - Wu (m)

0.035

𝑊௔ െ𝑊௨ (m)

 Discrepancies between water levels at weir (𝑊௨) and acoustic 
flowmeter (𝑊௔) are related to fast rises of water level 
 Acoustic flowmeter logs data 43min before the weir
 Thus, weir measurements pick up rising water 43min later

 Solution: interpolate weir data 43min forward
 However … this doesn’t solve the discrepancies 𝑄௔ െ 𝑄௪
𝑅𝑀𝑆𝐸 ൌ 0.402 instead of the original 0.404
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Calculation of 𝑸𝒂 by acoustic flowmeter

 Are the calibration constants 𝑐଴, 𝑐ଵ, 𝑐ଶ and 𝑐ଷ correct?
 Determined new values 𝑐଴෥ , 𝑐ଵ෥ , 𝑐ଶ෥ and 𝑐ଷ෥ such that discrepancies disappear 

(that is, 𝑄௔ 𝑐଴෥ , 𝑐ଵ෥ , 𝑐ଶ෥ , 𝑐ଷ෥ ൎ 𝑄௪). 
ொೢ
௩ೌ
ൌ 𝑐଴෥ ൅ 𝑐ଵ෥𝑊௔ ൅ 𝑐ଶ෥𝑊௔

ଶ+ 𝑐ଷ෥𝑊௔
ଷ ൅ 𝜖

Computation of 𝑄 from 
measured quantities

Calculation 
of 𝑄௪

Calculation 
of 𝑄௔

𝑄௔ ൌ 𝑣௔ ൈ 𝐴

ൌ 𝑣௔ ൈ 𝑐଴ ൅ 𝑐ଵ𝑊௔ ൅ 𝑐ଶ𝑊௔
ଶ ൅ 𝑐ଷ𝑊௔

ଷ

ൌ 𝑣௔ ൈ ሺ14478 െ 1673𝑊௔ ൅ 64𝑊௔
ଶ െ 0.82𝑊௔

ଷሻ

𝑊௔

Sea level

𝑣௔

Surface 𝐴
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Calculation of 𝑸𝒂 by acoustic flowmeter
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 With newly fitted 𝑐଴෥ , 𝑐ଵ෥ , 𝑐ଶ෥ and 𝑐ଷ෥
the discrepancies largely go away!

 … but …

RMSE ൌ
1

876
∑ 𝑄෨௔ െ 𝑄௪

ଶ
ൌ 0.056

𝑅𝑀𝑆𝐸 ൌ 0.404
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Calculation of 𝑸𝒂 by acoustic flowmeter

 To eliminate the discrepancies 𝑄௔ െ 𝑄௪ …
 We need to use the newly fitted 𝑐଴෥ , 𝑐ଵ෥ , 𝑐ଶ෥ and 𝑐ଷ෥
 Which imply that the width of the waterway is 𝑤 ൌ 1.05m
 Whereas in fact the Buulder Aa has a width of 𝑤 ൌ 4.50m

27.026.826.626.426.226.025.8
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Measured
water levels
𝑊୳, 𝑊୪, 𝑊ୟ

Computation of
𝑄 from measured 

quantities

Measured 
flow velocity

𝑣௔

Computation 
of 𝑄௪

Computation 
of 𝑄௔

Direct 
measurements

𝐿 𝑏ଵ,𝑏ଶ 𝑏ଷ,𝑏ସ 𝑐଴,𝑐ଵ,𝑐ଶ,𝑐ଷ

Branching and pruning …

Methods Implementation 
of the methods

Cause of discrepancies
(𝑄௔ െ 𝑄௪)

Systematic 
error

Random error 
(noise)
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Computation of 𝑸𝒘 by weir

Weir computes 𝑄 from height of water over weir’s crest

 𝑄௪  ൌ 3.00 ൈ 1.86 ൈ 𝑊௨ െ 𝐻௖ ଵ.ହ ൈ 1 ൅ log 1 െ 𝐷 /2
ൌ 𝐿 ൈ 𝑏ଵ ൈ 𝑊௨ െ 𝐻௖ ௕మ   ൈ   𝑏ଷ ൅ 𝑏ସ log 1 െ 𝐷

𝑊௟𝐻௖

𝑊௨

𝑄

Sea level

𝑄

Correction for “drowned weir”

𝐷 ൌ
𝑊௟ െ 𝐻௖
𝑊௨ െ 𝐻௖

 Is there an error in one of the calibration 
constants 𝐿, 𝑏ଵ, 𝑏ଶ, 𝑏ଷ or 𝑏ସ? 

𝑄௪୰ୟ୵

20

Computation of 𝑸𝒘 by weir

Is there an error in one of the calibration constants 𝐿, 𝑏ଵ, 𝑏ଶ, 𝑏ଷ or 𝑏ସ? 

 𝐿 is the width of the weir
 The value 𝐿 ൌ 3.00 is the correct value
 And there is no other value for 𝐿 that makes the discrepancies go away.

 The values of 𝑏ଵ ൌ 1.86 and 𝑏ଶ ൌ 1.5 are based on theory in hydrology
 Depend on viscosity of the fluid, shape of the weir, and other properties

 The alternative values 𝑏෨ଵ ൌ 3.44 and 𝑏෨ଶ ൌ 1.9 eliminate the discrepancies
 … but are totally out of the range of comparable weirs in waterways!

Computation of
𝑄 from measured quantities

Computation 
of 𝑄௪

Computation 
of 𝑄௔

𝐿 𝑏ଵ,𝑏ଶ 𝑏ଷ,𝑏ସ
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Final suspect: drowning correction

𝑄௪  ൌ 𝐿 ൈ 𝑏ଵ ൈ 𝑊௨ െ 𝐻௖ ௕మ   ൈ   𝑏ଷ ൅ 𝑏ସ log 1 െ 𝐷   

 Original values: 𝑏ଷ ൌ 1 and 𝑏ସ ൌ 0.5
 Can we find values 𝑏෨ଷ and 𝑏෨ସ that turn 𝑄௪ሺ𝑏෨ଷ, 𝑏෨ସሻ into a good predictor for 𝑄௔?
→𝑄௔ ൎ 𝑄௪ 𝑏෨ଷ, 𝑏෨ସ

or
ொೌ
ொೢ
౨౗౭ ൎ

ொೢሺ௕෨య, ௕෨రሻ
ொೢ
౨౗౭ ൌ 𝑏෨ଷ ൅ 𝑏෨ସ log 1 െ 𝐷 (linear in log 1 െ 𝐷 ) 

 Find better values 𝑏෨ଷ and 𝑏෨ସ by least squares.

Correction for “drowned weir”𝑄௪୰ୟ୵
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Final suspect: drowning correction

0.0-0.2-0.4-0.6-0.8-1.0-1.2-1.4

1.2

1.1

1.0

0.9

0.8

0.7

0.6

0.5

Regression analysis

Drowning log 1 െ 𝐷

𝑦
ൌ
𝑄
௔
𝑄
௪୰ୟ
୵

⁄

Newly fitted 𝑏෨ଷ and 𝑏෨ସ

Drowning correction should be:

𝑄௪
𝑄௪୰ୟ୵

ൌ 0.935 െ 0.212 log 1 െ 𝐷 െ 0.387 logଶ 1 െ 𝐷  
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Error in drowning correction!

Original computation method applied by weir setup:

𝑄௪  ൌ 3.00 ൈ 1.86 ൈ 𝑊௨ െ 𝐻௖ ଵ.ହ ൈ 1 ൅ log 1 െ 𝐷 /2

Correction for “drowned weir”

But this should be:

𝑄௪  ൌ 3.00 ൈ 1.86 ൈ 𝑊௨ െ 𝐻௖ ଵ.ହ

ൈ 0.935 െ 0.212 log 1 െ 𝐷 െ 0.387 logଶ 1 െ 𝐷   

𝑄௪୰ୟ୵

24

Conclusion … What’s the cause of discrepancies?

 Systematically considered what could go wrong in both measurement 
systems

 Most potential causes could be eliminated
 Some cannot explain the discrepancies
 Others can explain the discrepancies, but cannot be true for other reasons

 One potential explanation remains: 
Correction for drowning in the weir setup
 Better correction formula makes discrepancies go away
 Drowning correction formula lacks a solid theoretical foundation, and has 

emerged in practice 
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Statistical reasoning 
in diagnostic problem solving

Lessons learned

26

Basic reasoning pattern

Not: blindly look for correlations or fit curves 
to data,
But: systematically generate hypotheses 
about candidate causes from known theory.
Because: brings focus to the study and 
results in more interesting hypotheses.

Hypotheses bring focus

Hierarchy: rule out broad hypotheses early in 
the study, 
only elaborate retained hypotheses into 
more detailed sub‐hypotheses.
Because: makes the search efficient

Branch‐and‐prune strategy

𝑄௔
𝑄௪୰ୟ୵

ൌ 𝑏෨ଷ ൅ 𝑏෨ସ log 1 െ 𝐷 ൅ 𝜖

25
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Process of diagnostic problem solving

State space

Domain knowledge:
‐Physical structure
‐Functional structure
‐Operations context
‐Normal behavior
‐General knowledge

Fault theory:
‐Fault dictionaries
‐Pathologies
‐Taxonomies
‐Pattern recognition 
procedures

Observations:
‐Observational data
‐Tests and 
experiments
‐Findings

Domain knowledge and observations

Hypothesis 
generation

Accepted:
Under 

consideration: Rejected:

H1
H2

H4H3

Hypothesis 
generation

Hypothesis 
testing

Hypothesis 
testing

Hypothesis 
evaluation
Hypothesis 
evaluation

New 
observations/knowledge

28

Diagnostic strategies

Diagnostic 
strategy 

(how, when, 
in what order?)

State space

Domain knowledge and observations

Hypothesis
generation

Hypothesis
testing

Hypothesis
evaluation

Accepted:
Under 

consideration: Rejected:

H1
H3

H4
H2

H5

H6

H7 H8
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Diagnostic strategies

Measured
water levels
𝑊୳, 𝑊୪, 𝑊ୟ

Computation of
𝑄 from measured 

quantities

Measured 
flow velocity

𝑣௔

Computation 
of 𝑄௪

Computation 
of 𝑄௔

Direct 
measurements

𝐿 𝑏ଵ,𝑏ଶ 𝑏ଷ,𝑏ସ 𝑐଴,𝑐ଵ,𝑐ଶ,𝑐ଷ

Methods Implementation 
of the methods

Cause of discrepancies
(𝑄௔ െ 𝑄௪)

Systematic 
error

Random error 
(noise)

Diagnostic tree

• (Blind trial & error)
• Branch‐and‐prune strategy
• Known problem
• Proximate causes
• Syndrome‐based search
• Funneling strategy

30

Useful statistics to guide the search

Here: 𝑅𝑀𝑆𝐸 ൌ ଵ

଼଻଺
∑ 𝑄௪,௧ െ 𝑄௔,௧

ଶ
௧

ଵ/ଶ

 Initial 𝑅𝑀𝑆𝐸 ൌ 0.404 
 Asynchronous logging of weir and acoustic flowmeter 

Reduces 𝑅𝑀𝑆𝐸 to 0.402
 Drowning correction

Reduces 𝑅𝑀𝑆𝐸 to 0.103

Not so useful: statistical significance.
More useful: statistics expressing a cause’s 
contribution to the total problem.
Because: aim is not to find all causes, but to 
find the few dominant causes (Pareto).

Statistics for inference

29
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Criterion for rejecting candidate explanations

Candidate explanations:

 Calibration constants 𝑐଴, 𝑐ଵ, 𝑐ଶ and 𝑐ଷ of acoustic flowmeter
Reduces 𝑅𝑀𝑆𝐸 to 0.056

 Changing theoretical constants 𝑏ଵ, 𝑏ଶ applied by weir
Reduces 𝑅𝑀𝑆𝐸 to 0.077

 Changing drowning correction applied by weir
Reduces 𝑅𝑀𝑆𝐸 to 0.103

 Fitting more complex equations (or trying more contrived explanations)
Probably could reduce 𝑅𝑀𝑆𝐸 to close to 0.000

Goal is not simply to minimize 𝑅𝑀𝑆𝐸.

32

Criterion for rejecting candidate explanations

 Changing calibration constants 𝑐଴, 𝑐ଵ, 𝑐ଶ and 𝑐ଷ of acoustic flowmeter
does resolve the discrepancies
but contradicts the accepted fact that the waterway’s width is 4.50m
 Candidate explanation is rejected

 Changing drowning correction applied by weir
does resolve the discrepancies
and agrees with fact that this correction formula has no solid basis
 Candidate explanation is accepted

 More complex and contrived hypotheses could explain the 
discrepancies as well …
 But weren’t even considered as they aren’t parsimonious

Hypotheses are retained or rejected based on:
• Explain much of the problem
• Are parsimonious
• Agree with accepted knowledge

Explanatory coherence
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Inleiding
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Final thought …

Both are one‐shot approaches!

“Uninformed” stats. approach:

• Brainstorming
• List of candidate causes
• Experiment

Machine‐learning approaches:

• Brainstorming
• Data sources
• Fit predictive algorithms / 

train AE or neural network

Sequential studies:
• Sequence of smaller experiments / analyses
• Where one experiment builds on the findings in previous experiments
• Early experiments: focus on the relevant part of the problem space
• Later experiments: efficient testing of detailed hypotheses
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